ABSTRACT To deal with the nonlinear coupling, strong disturbances and parametric uncertainties existing in the multi-motor web-winding system, a robust decentralized H ∞ control method is proposed in this paper. First, the whole web-winding system is considered as a synthetic system composed of several subsystems. Giving that some parameters are time dependent and set points are modified during the winding process, each subsystem can be seen as a dynamic interval system and interval matrix is introduced. Then, a robust decentralized H ∞ controller is designed to attenuate tension fluctuations introduced by the external disturbances and interaction between two consecutive subsystems. Sufficient condition for the existence of robust decentralized H ∞ control law is presented in terms of linear matrix inequality. Finally, some simulations and experiments are conducted with the conventional decentralized controller and the proposed controller. The comparative results show that the proposed control scheme greatly improves the control performance of the web tensions.
I. INTRODUCTION
Web-winding systems are widely used in industrial production to process or transport fabric, paper, metal foils or polymers from one roll to another [1] . Web materials are released from the unwind roll, handled by one or more process rolls and then accumulated by rewind roll. During the whole process, it is vital to the final product quality that the tension in each tension zone is kept at the desired value. Otherwise, insufficient or excess tensions may result in web wrinkle or break [2] . Some practical factors (e.g. web sliding, parameters change, roller non-circularity) have effect on velocity. Due to the coupling between web tensions and velocities, velocity perturbations are propagated to the web tensions. Besides, with complex stretch character of the web materials, high-precision tension control is a challenging task, especially at high web velocity [3] , [4] .
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Generally, most industrial web-winding systems have made used of proportional integral (PI) or proportional integral derivative (PID) controllers. However, these control methods have some drawbacks such as tuning difficulties, robustness problems [5] . Decoupling control is an effective control means for multi-variable systems, and some decoupling control schemes have been used in web-winding systems, e. g. feed-forward control [6] , feedback linearization control [7] , dynamic sliding-mode decoupling control [8] . However, it is difficult for a decoupling control to perfectly attenuate the interactions among the speed and tensions, especially when systems contain uncertain parameters [9] .
Due to the interconnection of the web material, the interaction between two consecutive subsystems is inevitable. During the complete process operation, the radii and inertia of the unwind/rewind rolls vary on a large scale. Reference tensions and velocity may need to be modified according to production requirements. Besides, some uncertainties arise from measurements (e.g. web velocity and tension signals), environment (e.g. temperature or moisture modification effects the Young's modulus, friction coefficient and section of web) and operating conditions (e.g. machinery condition variations) [9] . Therefore, robustness is essential for the design of the web-winding control system. H 2 and H ∞ control are two classical robust control methods in the webwinding systems [3] , [5] , [6] , [9] . A robust H ∞ controller is synthesized by using the mixed sensitivity approach in [3] . A standard H ∞ approach with mixed sensitivity is proposed to regulate the tension in the unwinding section of a web handing system [5] . In [9] , a state-space oriented H ∞ controller is proposed to attenuate web tension variations in the presence of bounded parametric uncertainty. In [10] , a multi-variable H ∞ controller are presented with use of a bilinear matrix inequality approach. H 2 -based and H ∞ -based feedback controllers are designed to ensure robustness and disturbance rejection of winding system in [6] and [11] , respectively. It is worth noting that the weight function or control parameters optimization of these controllers relies on the experience and know-how of the designers. Hence, the use of these controllers in industrial applications is affected.
Generally, industrial winding systems are large-scale interconnected systems. Decentralized control is a practical and efficient method for such system [12] . Conventional decentralized controller design is based on the linearized model of winding system. Some other techniques such as the gain scheduling approach [3] , [6] , [10] , [11] , [13] , [14] and the linear parameter varying control strategy [3] , [6] , [11] are introduced to improve the robustness to the radius variations and changes of operating points. Other uncertain parameters (changes in Young's modulus and section of web) are not considered in those control. Unmodelled dynamics and uncertainties are regarded as disturbances in system [15] . Since information exchange between subsystems is not needed, decentralized control has poor ability to reject disturbances introduced by consecutive subsystems. For each subsystem, effects of the consecutive subsystems can be viewed as external disturbances [16] . Hence, improving the properties of disturbance rejection is a problem that must be attached importance to in the design of the web-winding control system.
In this paper, a LMI-based decentralized H ∞ control method is proposed for a multi-motor web-winding system. This control method consists in that the robust performances of controllers and the optimization of control parameters are transformed to the solving problem of the LMIs. Firstly, the web-winding system is divided into several subsystems. Reference velocities and reference control inputs are specified in terms of the reference tensions and the reference velocity for master speed subsystem. Variational dynamics of each subsystem is presented. Then, by considering time-varying and uncertain parameters as interval variables, interval matrix is introduced. To reduced the disturbances introduced by consecutive subsystem and parametric uncertainties, a state-space oriented decentralized H ∞ controller is designed. A sufficient condition of closed-loop system asymptomatic stability is given in terms of LMIs, and controller parameters are calculated by the solution of LMIs. At last, performance of the proposed controllers is evaluated by some comparative simulation and experimental results.
The remaining of this paper is organized as follows. A dynamic model of a general multi-motor web-winding system is presented and the variational model for each subsystem is described in Section 2. In Section 3, a state feedback decentralized H ∞ control method is proposed. Comparative simulation and experimental results with the proposed control and the decentralized control in [17] are presented in Section 4. Section 5 gives the conclusions of the research.
II. DESCRIPTION AND TRANSFORMATION OF MODEL
A schematic of decentralized control of complex multi-motor web-winding system is presented in FIGURE 1. It consists of the unwind subsystem (US), master speed subsystem (MSS), rewind subsystem (RS) and several process subsystems (PS). All subsystems are coupled by web material. In FIGURE 1, M i (i = 0, 1, · · · , n) denotes the driving motor, u i is the roll control signal, v i denotes the web velocity, t i (i = 1, 2, · · · , n) is the web tension in the ith span.
A. DYNAMIC MODELS
In winding process, web tension model is given by [9] , [15] 
where E and S are the the Young's modulus and cross section of web material, respectively, L i is the web length between the (t − 1)th and ith driven rolls. By considering the variation of radius and inertia of the driven roll, the model of web velocity is described by [9] 
where b fi , R i and J i are the friction coefficient, radius and inertia of the ith driven roller, n i is the gearing ratio between the ith motor shaft and the corresponding driven roller. The control signal of the US is usually braking torque, hence, for i = 0, the plus sign before the last term of (2) is changed as a minus sign. The radii and inertias of the unwind/rewind rolls are timevarying with the web material released or accumulated. The effective inertia and change rate of radius are given by [17] .
where J ci is the inertia of the driven shaft and core, J mi is the inertia of all the rotating elements on the motor side, R ci is the radius of the empty core, b, ρ and h are the width, density, thickness of the web, respectively. In winding system, the span between two consecutive driven rollers is called tension zone. The whole winding system may be divided into several subsystems by tension zones (see FIGURE 1). The web speed for the entire winding system is determined by the master speed roller whereas the web tensions in the adjacent spans are controlled by the neighbour subsystems. Thus, the dynamics of each subsystem is presented as follows: the MSS only involves the model of driven roller dynamics; each of the rest subsystems consists of the driven roll dynamics and the web tension dynamics.
B. MODEL TRANSFORMATION AND PRELIMINARIES
The main concern is to control web tension in each tension zone while maintaining the web speed of the MSS at the desired value. To achieve this, the control signal for each subsystem is split into two parts, a reference control input and a control compensation. The reference control inputs keep the winding system at the forced equilibrium of the reference values. The control compensations is required to ensure error convergence in the presence of uncertainties and external disturbances. The reference velocity of the MSS and the reference tension in each tension zone are prespecified.
Define the following variables:
where v * i , t * i and u * i are the reference velocity, reference tension and reference control input, respectively. The reference velocities and reference control inputs are specified by using the known reference tensions and the reference velocity of the MSS. The detailed calculations can be found in [12] and [18] . The results are summarized in the following [17] , [18] .
The reference velocities may be specified as
where t * 0 is the wound-in web tension of the unwind roll. According to (6) and (7), the reference control inputs u * i for i = 0, 1, 2, · · · , n can be updated in real time with the changes of t * i , v * i , R i and J i ; the reference velocities v * i for i = 0, 2, 3, · · · , n may be varied with the reference tensions t * i and v * 1 . Hence, v * i and u * i are adaptive to the operating points and the process operation. 
By considering the disturbances caused by unmodelled dynamics, measurements, external environmental factors, and so on, the error dynamics for each subsystem can be written uniformly aṡ
where 
Master Speed Subsystem(With i = 1):
Process Subsystem: The first PS is adjacent to the MSS, and its coefficient matrices have the following forms
The coefficient matrices for i = 3, 4, · · · , n − 1 are
Rewind Subsystem:
The remainder of this section gives some preliminaries, which will be used in the next section.
Lemma 1 [19] : For a given interval matrix A ∈ p×q and A ∈ [A m , A M ], A can be described as:
where
The entries in A M and A m consist of the upper and lower bounds of the corresponding entries in A, respectively. 
If Z = I , the inequality in Lemma 2 can be rewritten as
Throughout this paper, the symbol I with or without subscript, denotes the identity matrix with appropriate dimensions. The symbol * indicates the symmetric term in a symmetric matrix.
III. CONTROL DESIGN
Ideally, the reference inputs u * i for (i = 0, 1, · · · , n) are applied, each subsystem is kept at the forced equilibrium of the reference web tension and velocity. However, some control compensation is necessary to ensure error convergence in the presence of uncertainties and disturbances. In this section, a robust decentralized H ∞ control is proposed to obtain the control compensation of each subsystem.
The problem of web-winding system is complex because the dynamics (8) t * i and v * 1 may be modified according to the production process and technology requirement. In any case, all those variables must be confined within a certain range, and can be regarded as interval variables [21] . By the basic arithmetic of interval variables [22] , the upper and lower bounds of all elements in A i , B i and A ij can be computed. By the way, the friction parameter b fi , Young's modulus E and web section S are affected by the modifications of environmental temperature and moisture, and their uncertainties are regarded as disturbance on tensions in this paper. Using Lemma 1, A i , B i and A ij can be rewritten as
Choose the decentralized control compensation as follows:
Applying the decentralized control law (18) to subsystems (8) will present the following closed-loop subsystemṡ
The objective of this paper is to determine the robust decentralized H ∞ controller in (18) such that, for all admissible parameter uncertainties and a prescribed disturbance attenuation level γ , the whole closed-loop system (19) is asymptotically stable. Definition 1 [23] : For a given scalar γ > 0, if the feedback controller (18) satisfies the following conditions:
1) Under W = 0, closed-loop system (19) is asymptotically stable for all admissible parameter uncertainties. 2) Under the zero initial conditions (X (0) = 0) and nonzero disturbance (18) is said to a robust decentralized H ∞ controller with the disturbance attenuation level γ .
Theorem 1: For the uncertain web-winding system (8) and a prespecified positive constant γ , if there exist matrices Q i = Q T i > 0, matrices M i , and some any positive scalars α i , β i , ε ij , λ ij , such that the following LMI holds:
then the closed-loop system (19) is asymptotically stable and the controller (18) is a robust decentralized H ∞ controller. Moreover, the controller parameters are given by
Proof: Consider the Lyapunov function as follows:
Introducing (17), the derivative of V (X (t)) along the trajectory of (19) iṡ
According to Lemma 2, we obtain
Now, substituting (23) and (24) into (22) yieldṡ
Applying the following equality
to the inequality (25) and rearranging, one getṡ
. Firstly, we will determine the asymptotic stability of the closed-loop system (19) . When w i = 0 for i = 0, 1, · · · , n (i.e. W = 0), we haveV (X (t)) ≤ n i=0 x T i¯ i x i . If¯ i < 0 holds, thenV (x(t)) < 0 is true. Based on Lyapunov theorem [24] , the closed-loop system (19) is asymptotically stable.
Secondly, H ∞ control of the system (8) with the disturbance attenuation level γ will be ascertained in the sequel. Under W = 0, the following inequality is obtained.
According to (19) , the terms z T i z i can be rewritten as
As a result, (28) is changed into the following forṁ
If the following inequality holds
Integrating both sides of the above inequality from 0 to ∞, we obtain
It can be seen from (33) that
Based on the Schur complement [25] , (31) is equivalent to
FIGURE 2. Decentralized control strategy with proposed H ∞ control.
FIGURE 3.
Three-motor web-winding experimental platform.
, and premultiplying and postmultiplying (34) with diag{Q i , I , I } yields
According to the Schur complement [25] , it is obvious that inequality (35) is equivalent to the LMI (20) . From the above proof and Definition 1, we know that the controller (18) is a robust decentralized H ∞ controller with disturbance attenuation level γ . The proof is completed.
To summarize, the control input u i for each subsystem is split into the reference control input u * i and the control compensation u i . u * i is calculated by (6) , and u i is obtained from (18) . The proposed decentralized control scheme for each subsystem is shown in FIGURE 2.
IV. SIMULATION AND EXPERIMENT
In order to verify the effectiveness of the proposed control method, some simulation and experiments are conducted on a experimental platform (see FIGURE 3). For comparison purpose, the same tests are implemented with the decentralized controller (DC) designed in [17] .
The system under study has three subsystems, which are the US, MSS and RS. It exhibits the inherent problem of the web-winding systems. Every drive motor shaft is embedded inside the corresponding driven roller (n 0 = n 1 = n 2 ). Web material used in the experimental platform is white brown paper. The nominal parameter are given as follows:
Parameter uncertainties are case-based dependent and rely on specific application. Variation scopes of parameters are restricted by working conditions, process requirement and soon. To demonstrate the controller design and its performance, the following conditions will be applied as an example.
The decentralized controllers are designed for the webwinding shown in FIGURE 3 as follows
The critical task in web-winding control system is to attenuate tension variation. In this paper, real matrices B wi , C i , D i and γ are chosen as
Using Theorem 1 and solving the corresponding LMIs, the controller gain matrices are 
For the sake of contrast, the DC proposed in [17] is introduced. The control gains are calculated by solving the LMIs (25)-(27) in [17] with the condition (36). The results are
.5977 −259.2864 ,
A. SIMULATION
In order to comprehensively evaluate the performance of the proposed control strategy, three cases will be considered in this section. Case 1: At the nominal parameters, the initial reference tensions t * 1 = 15N , t * 2 = 10N , and reference velocity v * 1 = 1m/s; the reference tensions and velocity are modified at different times.
Case 2: The reference tensions and velocity have the same trajectories as Case 1; the parameters E, J c0 , J m0 , J 1 , J c2 and J m2 suffer random disturbance with that amplitude is ±30% of the nominal values, respectively; the parameters b f 0 , b f 1 and b f 2 suffer random disturbance with that amplitude is ±50% of the nominal values, respectively.
Case 3: At the nominal parameters, the reference tensions and velocity have the same trajectories as Case 1; two types of random disturbances with amplitude 5N but with different sampling periods are applied on the unwind tension and the rewind tension. Case 1 is mainly used to test the tracking performance of the proposed robust decentralized H ∞ controller. Robustness with respect to the parametric uncertainties will be evaluated in Case 2. In Case 3, disturbance rejection ability of the proposed controller will be verified. FIGURE 4 shows the simulation results under Case 1. We can see from FIGURE 4 that the DC and the proposed H ∞ control both have good property of reference tracking. However, the proposed H ∞ controller outperforms the DC in terms of the rising time. Besides, the H ∞ control can attenuate the interaction between the unwind tension, rewind tension and the speed. When the speed reference increased and decreased at 1.5s and 3s, respectively, with the DC, obvious variations can be noticed on the rewind tension, and only small variations can be noticed on the unwind tension. When the unwind tension reference is modified at 2s and 3.5s, the rewind tension fluctuates slightly with the DC. However, with the proposed H ∞ control, the improvement on the rewind tension control is significant, and the improvement on the unwind tension is not so important. Besides, almost no variations can be seen on rewind tension when the unwind tension reference is modified and vice versa.
Some parameters of the system are changeable with time, and change curve of the part parameters (e.g. E, J 0 , b f 0 ) can be seen in FIGURE 5. The rest time-varying parameters (e.g.
have the similar curves. FIGURE 6 shows the simulation results under Case 2. Compared with FIGURE 4, the unwind tension and rewind tension responses have a certain level of degeneration. But, relatively speaking, the differences of the unwind tension response with the H ∞ control between FIGURE 4 and FIGURE 6 are less significant than that with the DC. The same remark can done for the rewind tension responses. It can be concluded that the H ∞ control has better robustness to the parametric uncertainties.
To investigate the performance concerning disturbance rejection of the proposed H ∞ control, random disturbance tensions d 1 and d 2 shown in FIGURE 7 are applied to unwind tension and rewind tension, respectively. We can observe from FIGURE 8 that the unwind tension and rewind tension fluctuate around their reference values. However, the tension variations with both the DC and the H ∞ controller are much smaller than the disturbances (with a 5N amplitude), which means that the two control method are robust to external disturbances. Compered with the DC, the H ∞ controller are more efficient for the unwind and rewind tension reference tracking in the presence of tension disturbances.
B. EXPERIMENT
For provide comparative results, the DC and H ∞ controllers are implemented on the experimental platform shown in FIGURE 3. Reference trajectories of the web velocity and tensions are similar to Case 1. The responses are plotted on FIGURE 9 and 10, and the maximum relative errors of tensions and velocity are summarized in TABLE 1 during the changes of set points.
We can observe from FIGURE 9 and 10 that two controllers have good properties of reference tracking. However, compared with the DC, the H ∞ controller provides better at 8s, when a step of the velocity with a 0.5m/s amplitude occurs, the relative error of the unwind tension is 3.86% with the H ∞ controller, and 4.67% for the DC, and the relative error of the rewind tension is reduced from 5.37% (with the DC) to 4.71% (with the H ∞ controller). The relative error values with the H ∞ controller are smaller during the change of reference tensions or reference velocity. Thus, the H ∞ controller can better attenuate the interactions between unwind tension, rewind tension and the web velocity, and has slightly smaller oscillations of the web tensions and velocity.
V. CONCLUSION
A robust decentralized H ∞ control method considering the parametric uncertainties is proposed in this paper. By regarding the uncertain parameters as interval variables, the webwinding system is divided into several dynamic interval subsystems, and interval matrix is introduced to deal with the parametric uncertainties. A state-space oriented H ∞ Controller is designed to attenuate tension fluctuations introduced by the external disturbances and interaction between two consecutive subsystems. Sufficient condition for the asymptotic stability of the closed-loop web winding system is provided in terms of linear matrix inequality (LMI). The control gains can be calculated directly by the solutions of the LMIs. Some simulations and experiments are conducted on a three-motor experimental platform. Comparative results with the decentralized controller show that the proposed control scheme improves obviously control performance of the web tensions.
